Two numerical algorithms based on H 1 -Galerkin mixed finite element (GMFE) methods are presented and analyzed for a fourth-order diffusion equation. By introducing three variables with two different ways, the two first-order system of four equations are formulated. The semi-discrete optimal error estimates are derived for a numerical scheme and the fully discrete analysis of optimal error results for the other one are made. Moreover, the numerical procedures for two numerical schemes are made to confirm the theoretical results of theorems.
Introduction
Fourth-order partial differential equations (PDEs) with high-order spatial derivatives can be found in many scientific fields. So far, many authors have studied some numerical methods for fourth-order PDEs, such as mixed finite element methods [1, 4] . Here, we consider a fourth-order diffusion system with initial-boundary value conditions  ( ) ( ) ( ) ( ) ( ) ( Throughout this paper, C will denote a generic positive constant which does not depend on parameters h and t ∆ . we reformulate problem (1) as the first-order
The mixed weak formulation is to find { } [ ]
Then the semidiscrete 1 H -GMFE scheme is to look for
For use in the error analysis, we define the elliptic projection
Further, we also define a Ritz projection
. (6) where ( ) ( ) ( ) 
, , (3)- (6), we then obtain 
Integrate (12) with respect to t and use some important inequality to get 
Choose 
Using (11), we obtain
Combining (11) , (13) , (14) and (16) 
Combining (17), (19), (11), (13), (7)- (8), we apply the triangle inequality to complete the proof.
An H1-GMFE method for the system (II)
If our concern is to approximate 
The following weak formulation of (20) is to find { } [ ] For error estimates, we now rewrite the errors as 
in (23a) and (23b), respectively, we have
, .
Summing from 1 = n to J , we obtain 
